We have studied the resonant coupling of surface plasmons in curved thin-film tunneling geometries by obtaining the dispersion relations for the system. The surface plasmon dispersion relations are calculated for a metal-coated dielectric probe above a dielectric half space with and without metal coating. The system is modeled in the prolate spheroidal system, and the dispersion relations are studied as functions of the parameter that defines the boundaries of the tip and the corresponding coating, and as functions of the involved coating thicknesses. Using this type of probe-substrate configuration, the nonradiative surface plasmon coupling mechanism is investigated in the visible spectrum at frequencies relevant to scanning probe microscopy. The simulations of the results predict optical access to the resonant surface modes of the system.
I. INTRODUCTION
The quanta associated with the waves in bulk matter ͑plasmons͒ were discussed in the early 1950s by Bohm and Pines 1 in order to explain the characteristic peaks observed in the energy-loss spectrum of fast electrons penetrating metal foils. The peaks were shown to correspond to plasmon generation in the foil. The quanta associated with the surface waves ͑surface plasmons͒ were described in 1957 by Ritchie 2 in order to explain the observation of the reduced energy peaks in the energy-loss spectrum not accounted for by the plasmon concept alone. The observation of multiple discrete energy losses was thus explained by invoking the bulk and surface plasmon concepts. 3 Optical access to the surface plasmons and their susceptibility to the geometric parameters and dielectric properties of the surrounding medium gave rise to a different series of applications, such as sensing and imaging. These applications typically involve excitations of surface plasmons on small metal particles ͑par-ticle plasmons͒ or at the interfaces of a thin metal film. For the surface plasmons on a plane-bounded semi-infinite metal, the resonance occurs when the real part of the dielectric function is −1. For a sphere that is small compared to the wavelength, the dipolar resonance condition occurs at the frequency for which the real part of the dielectric function is equal to −2. Even more negative values are obtained for prolate spheroids. In the case of a thin foil, the resonance condition depends on the wave vector of the surface plasmon and the foil thickness in a transcendental dispersion relation. If the foil is curved, then its electronic resonances will change. Such variations can be important, for example, in the context of scanning probe microscopy ͑SPM͒. The quantum mechanical process of electron tunneling and the phenomenon of photon tunneling associated with the frustrated total internal reflection are the well-known underlying principles of the operation of the scanning tunneling microscope ͑STM͒ and the photon scanning tunneling microscope 4 ͑PSTM͒. The finite transmitted amplitude in the probe medium determines the amplitude of the acquired signal, which can be greatly influenced by the geometric factors of the probe-substrate system. In the case of collective electronic excitations 5 in metal probes and/or samples, this is closely related to the availability of the resonant modes of the entire system.
Classical nonretarded electrodynamics with a dielectric description of a metal can provide valuable information regarding the possible plasmon modes of a system. [5] [6] [7] Within this framework, the dispersion relations are uniquely determined by the material properties and geometric characteristics of the system, and thus can offer important information, in particular, with regard to the optical access to the resonant modes of a supporting medium and their dependence on smooth or unsmooth curvature. For example, it can be shown that the dispersion relation for surface plasmons on a statistically slightly rough surface displays a splitting that can lead to a double peak in the reflection measurement. 8 Another example is the optical excitation of surface plasmons in gold islands, which undergoes spectral variation as a result of reshaping 9 the submicron gold particulates or changing the underlying substrate. 10, 11 This can be visually observed as a change in the color of the thin gold film, or spectrally recorded using a spectrophotometer. The discrete surface modes of the gold particulates 12 are responsible for such spectral shifts. Thus, surface modes ͑as opposed to bulk modes͒ are strong mediators of size and geometry of the material media, as prescribed by the application of the boundary conditions imposed on the involved electromagnetic fields. For these reasons, dispersion relations have been calculated to various degrees of geometrical complexity for a variety of material domains, such as a slab, [13] [14] [15] multiple-film systems, 16, 17 metal gratings, [18] [19] [20] ionic and metallic spheres, 21 spheroidal particles, 12, 22 cones and double cones, 22, 23 metallic cylinder, 21, 24, 25 and metal-coated dielectric cylinder. 26 Probe-sample interactions and experimental observation of the stimulation and propagation of the surface plasmons in SPM systems have been reported in several works. [27] [28] [29] [30] [31] [32] [33] [34] [35] An example can be found in the work of Krenn et al., 33 where optically excited localized surface plasmon coupling between a submicron gold particle and wire was observed using a PSTM. Theoretical models for various SPM probesample configurations have been reported where the probe is approximated by a finite body residing close to or in the near field of a substrate. For example, Madrazo et al. 36 simulated the probe as a two-dimensional cylinder within a few nanometers above a metal surface with direct illumination. Similarly, González et al. 37 reported a study of the optical forces exerted on a metal probe modeled as a two-dimensional silver cylinder above a substrate illuminated via total internal reflection. Recently, Porto et al. 38 investigated the interaction of a directly illuminated probe-substrate system by modeling the probe as a metal sphere located a few nanometers above a metal substrate.
In this paper, we study the feasibility of the coupling of surface plasmons in thin metal films and the effect of curvature on such a coupling. We predict optical excitation of this coupling in geometries relevant to the physics of surfaces, nanostructures, and scanning probe microscopy. Such geometries are important when studying the near-field or localized plasmon excitation in submicron particles 39 or field enhancement in surface-enhanced Raman scattering. 40 The geometric effects in the study of interacting thin metallic films at finite interaction distances can also provide useful information when studying the Casimir and Van der Waals forces. 6 In the limit of vanishing film thickness, a closely related example is found in the work of Sernelius and Björk, 41 where the interaction energy for a pair of quantum wells was calculated by treating them as two-dimensional metallic sheets.
Due to analytical difficulties, there is a trade-off between the geometrical complexity with nonretarded approach and geometrical simplification with fully retarded approach. Nevertheless, each approach can offer both quantitative and qualitative information about the system, in particular, with regard to its limiting behavior in the context of dispersion, resonances, and coupling. 6 Here, we present the exact results of the calculation of the dispersion relations for a system composed of a hyperboloidal multilayered medium located above a multilayered Cartesian medium. Section II A is devoted to the description of the solutions of Laplace's equation, whereas in II B the nonretarded dispersion relations are derived within the local response approximation. Numerical work and discussions of the results will be given in Sec. III. Finally, a summary of the conclusions is presented in Sec. IV.
II. DISPERSION RELATIONS

A. Scalar potential of the electric field
We model the curved thin metal film by representing its boundary with the surface of a single-sheeted hyperboloid of revolution. The probe dielectric and the planar thin metal film interfaces are modeled by confocal hyperboloids. The use of such surfaces can be justified computationally by surface-fitting procedures to scanning electron microscope images of a metal-coated probe tip. 42 One of the most important features of employing the spheroidal coordinate system here is the possibility of coexistence of planar boundaries with hyperboloidal surfaces, appropriate for modeling several "probe tip-substrate" configurations present in scanning probe microscopy. 43, 44 The transformation between the Cartesian and the spheroidal systems is performed by 45 x͑,,͒ = z 0 sinh sin cos , y͑,,͒ = z 0 sinh sin sin ,
in the domain defined by
with z 0 being an overall scale factor, which also sets the focal points for the hyperboloids defined by fixed ͑or spheroids defined by fixed ͒. In what follows, we will make the variable substitutions cosh = with 1 ഛ Ͻϱ and cos = with −1 ഛ ഛ 1.
Since the system as a whole is electronically neutral, the scalar potential of the electric field ⌽͑ , , ͒ satisfies Laplace's equation ⌬⌽ = 0, which is separable in the spheroidal system. 46 The fully retarded case is complicated in these coordinates, due to the evaluation of radial and angular spheroidal wave functions. 47, 48 The general solution can now be expanded as a Fourier series in the azimuthal variable as 49 
⌽͑,,͒
where f and g, using the Laplacian in the spheroidal system, 50 and a separation constant c satisfy
The possibility of obtaining a continuous spectrum of real eigenvalues and eigenfunctions relies on setting c = ͑ +1͒, with given by the complex number =− , and Im = q is a consequence of the necessary criteria for existence of the eigenvalues and orthogonal eigenfunctions [51] [52] [53] and result in the finiteness of the scalar potential in the interior-exterior boundary value problem in potential theory. The discrete modes of objects with finite volumes, such as an ellipsoid, 12 can be envisioned as standing waves oscillating on the surface of the particle. When one of the dimensions of the system is allowed to be infinite, the corresponding eigenmodes become continuous and this can alter the dispersion relations dramatically and have consequences for the extension of energy localization.
It can be shown 46, 54 that Eqs. ͑4͒ are solved by the associated Legendre functions with continuous complex lower index ͑conical functions͒ P −͑1/2͒+iq m ͑z͒. The argument z ͔ − ϱ , ϱ͓ is set to z = to give the solution to the first equation in ͑4͒, while it takes on z = ± = ± cos to generate the two linearly independent solutions of the second equation in ͑4͒. Using the recursion relations for the conical functions, it can be shown that the differential equations in ͑4͒ are satisfied by the conical functions. It can be seen, from the asymptotic expansion 51, 55, 56 of the conical function, in the limit of large argument, that the negative real part of −1 / 2 makes these functions decay. We note that the sum in ͑3͒ runs only over positive m due to P −͑1/2͒+iq 
ͬ .
͑5͒
Also, with the above value for , both P −͑1/2͒+iq m ͑z͒ and Z q m are even in q, consistent with the fact 53 that we do not need to include the region of the eigenvalue spectrum beyond Re −1.
The following orthogonality relation 58 for the conical functions with argument 1 ഛ Ͻϱ:
͑6͒
will be useful in Sec. II B. Finally, a superposition in q generates for each azimuthal mode m
where
and where the functions A m ͑q͒ and B m ͑q͒ are to be determined by the boundary conditions. From this point on in our quasistatic model, we use the Fourier transform of the electric scalar potential F⌽͑r , t͒ → ⌽͑r , ͒ and note that the fields Ē and D will then be connected due to the local approximation by D ͑r , ͒ = ⑀͑͒Ē ͑r , ͒ at angular frequency . Since ⌽ and D adhere to the standard quasistatic Dirichlet-Neumann boundary conditions at regions where ⑀ makes a jump, it is necessary to invoke a transformation between the solutions in the planar regions and the hyperboloidal regions ͑see Fig. 1͒ . Setting
this is provided by the following expansion 43, 44, 59 specialized for =0:
where for Ͼ 0, and R in xy plane
and K iq ͑z 0 ͒ is the Macdonald's function. 49 The computation of the conical functions P −͑1/2͒+iq m ͑±cos ͒ for m =0,1 ͑m ജ 2 are obtained from appropriate recursion relations using m =0,1 functions͒ and −1 Ͻ Ͻ 1 can be performed using its integral representation. 50 Through a proper variable substitution 60 the infinite upper limit of integration in the integral representation can be transformed to a finite closed interval of ͓0,͑ /2͔͒. Here, for q not too large, the integral was evaluated effectively using a five-point Newton-Cotes integration method. 61 For large q the conical functions were expanded in terms of powers of q −1 and I n ͑q͒ Bessel functions. 55, 56 The values generated here pass the Wronskian check and are in agreement with those of Kölbig, 60 and Zhurina et al. 62, 63 B. Metal-coated dielectric probe above a metal-coated dielectric substrate Figure 1 depicts the projection onto the =0, planes of the modeling surfaces for the metal-coated tip above a metalcoated substrate configuration. The coating boundary, speci-FIG. 1. Geometric representation of a metal-coated dielectric probe above a metal-coated dielectric substrate in spheroidal system in the =0, planes, where is the azimuthal coordinate. The probe tip boundary is defined by t = cos t , where the angle is measured from the symmetry axis of the hyperboloid ͑z-axis͒ to an asymptote to the hyperboloid. The surface of the coating is given by c . The boundary of the substrate metal coating ͑z = 0 plane͒ is set by the hyperboloid s = cos s with s = / 2, while that of the substrate is defined by z =−a. The dielectric functions characterizing the involved materials in the five regions are labeled by ⑀ 1 through ⑀ 5 defined in the figure. fied by = cos c = c , is confocal with the tip surface defined by = t Ͼ c . The =0 ͑xy plane͒ separates the substrate coating, which extends to z =−a, from the free space above it. The distance between the apex of the coating hyperboloid and the = 0 surface is z = d = z 0 c and between the tip and the coating is z t−c = z 0 ͑ t − c ͒. Any variations in the shape of the tip or the coating will inherently be accompanied by a translation along the z axis of the corresponding hyperboloid within the distance 0 ഛ z ഛ z 0 .
In Fig. 1 , we will use gold or silver for the metallic regions and quartz for the dielectric regions because these compose the most commonly used material in the context of this work. We characterize the system with the following dielectric functions for each of the five regions defined in Fig. 1 : ⑀ 1 = ⑀ t for the probe, ⑀ 2 = ⑀ tc for the frequency -dependent probe metal coating, ⑀ 3 = ⑀ g = 1.0 for the gap region, ⑀ 4 = ⑀ sc for the substrate metal coating, and ⑀ 5 = ⑀ s for the substrate. The imaginary part and the frequency dependency of the dielectric functions of the tip and the substrate media have been neglected due to a small variation of these quantities in the visible spectrum as is evident from the optical data. 64 With these notations, the general solution to the Poisson equation will then be composed of the partial potentials ⌽ i , where i =1,2, ... ,5 denotes the five regions of Fig.  1 , respectively. Using ͑3͒ and noting that the conical functions of negative arguments are singular at = 0, the participant partial potentials ⌽ i are written for i =1,2,3 as
͑12͒
In order to satisfy the boundary conditions, that is, satisfying the continuity of the potential and the normal component of the displacement field, we utilize the orthogonality of the azimuthal functions H m and relation ͑6͒ and write for the potential at t
where the inner integral eliminates the m summation, and changing the order of integration between and q integrals, the outer integral eliminates the q integration by isolating the integrands at qЈ. Rewriting Eq. ͑13͒ for c and carrying out the same procedure for the displacement field at t and c , we obtain for i =1,2,3 the following: 
where we have defined
where ‫ץ‬ stands for partial differentiation of the conical functions with respect to their argument. The Fourier frequency dependencies of the functions above have been left out for clarity. The special values and the asymptotic forms of the relations in ͑16͒, which will be useful in the further work, are given in Appendix A ͓Eqs. ͑A1͒-͑A4͔͒. For lower half space z Ͻ 0, we use the following Cartesian ansatz:
which, when incorporating the boundary conditions for the z =−a, takes the following forms for i =4,5 ͑i.e., in the regions −a Ͻ z Ͻ 0 and z Ͻ −a͒:
with ␥ and ␥ defined as
and ⌼͑͒ being a common amplitude for z Ͻ 0. The continuity of the potential and the normal component of the displacement field at the = 0 interface requires using Eqs. ͑9͒ and ͑17͒, and the following observations:
͑21͒
From now on, we only consider the case where ⑀ sc ͑͒ = ⑀ tc ͑͒ = ⑀͑͒. Equating the above equations to their counterparts for → 0 + , expressing all the exponentials in terms of hyperbolic cotangent and simplifying, we arrive at
͑22͒
where we have set
For each m, solving Eq. ͑22͒ for ⑀ results in the following polynomial:
with the coefficients c i m ͑q͒ given by Eq. ͑B1͒ in Appendix B. This result can now be studied numerically to simulate the dispersion relations, that is, the roots of ͑24͒, which, in view of Drude's dielectric function, will describe the frequency ͑͒ dependence of each mode ͑m , q͒. We thus note that, taking as a parameter, each ͑m , q͒ singles out a particular solution of the system resulting in a particular potential ⌽ q m ͑r͒ and field − ٌ ⌽ q m ͑r͒ distribution in the space ͑ , , ͒.
III. RESULTS AND DISCUSSIONS
A. Surface modes of a probe
We begin our discussion by studying the resonance modes of an isolated solid hyperboloid of a local dielectric function ⑀͑͒ in vacuum. With the definitions in ͑16͒, these are given by the functions ⑀ q m ͑ , t ͒, m =0,1,2,..., which yield the nonretarded surface plasmon dispersion relations for a hyperboloid at = t , and are shown in Figs. 2 and 3 . Employing the Drude model, the modes have also been displayed with reference to bulk plasmon frequency p . For all other purposes in this work, a plasma frequency 65 of p = ck p = 8.33 ϫ 10 15 Hz for gold and 10.99ϫ 10 15 Hz for silver ͑corre-sponding to Re ⑀ = 0 in each case͒ will be used. 64 In the limit 
, that is, the nonretarded dispersion relation of a simple Cartesian metalvacuum interface. This limit is also approached by large m values, as seen in Fig. 3 . The large q form of these functions ͑see Appendix A͒,
also yields, in the limit q → ϱ, the Cartesian metal-vacuum result ⑀ q m ͑ , t ͒ → −1. As a comparison, we first note that it can be seen from the retarded metal-vacuum Cartesian interface modes
where ͱ l = / ck measures the retardation strength, so that l = 1 yields the photon dispersion in vacuum, that the nonretarded mode ⑀ =−1 ͑l =0͒ is pushed down below the photon dispersion relation and tangential to it in the small momentum limit as a result of the retardation. For a Drude metal of resonance frequency p , in the small momentum region k Ӷ k p , it can be shown from ͑26͒ that / p Ϸ k / k p Ϸ q, and thus we expect that the inclusion of retardation will pull all the modes ͑m , q͒ below the light line. However, retardation has no effect in the large momentum region as Eq. ͑26͒ reaches its asymptotic value of the surface plasmon frequency p / ͱ 2 for k Ϸ 2k p . It can also be seen from Fig. 2 , that for t → / 2, we encounter a degeneracy in m as a result of loss of curvature. The higher the curvature, the closer to zero the modes start; that is, 0 ͑q =0, t ͒ → 0 when t → 0. Thus, the sharper the tip, the larger the variation in the m modes. It is interesting to note that, in the case of a Drude metal spheroidal particle, 12, 66 the energies of the lowest eigenmodes start close to 0 and increase to reach their asymptotic values, while all the higher modes start at higher energies below the surface plasmon energy and decrease to reach their asymptotic values. For a spherical metal particle 21 ͑a special case of a spheroid͒, the lowest mode is at =0. In the case of an isolated metal cylinder in vacuum, 21 having an identical azimuthal symmetry as in our hyperboloidal case, the m = 0 mode starts at = 0, while all the higher start at the surface plasmon energy ͑ / p =1/ ͱ 2 = 0.71͒, in close similarity to the trend here as shown in Fig. 2 . The m degeneracy is also observed in the high momentum region ͑q → ϱ͒. At such small scales, the collective oscillations cannot sense the geometrical variations. From the well-like appearance of the m ജ 1 modes in Figs. 2 and 3 , each allowing two excitations at the same energy, it can be seen that the wells get wider, the higher the curvature, but that the minima of the wells reach the limit / p = 0.64. For the same m, the q distributes the charges on the probe, such that low q values result in more uniform distributions. This is illustrated by the simulations of the potential distributions of a t = 30°probe in Fig. 4 , which also provides a physical interpretation of the eigenvalues q. Figures 4͑a͒ and 4͑b͒ show the projection onto the =0, planes of the equipotential surfaces for ͑m , q͒ = ͑0 , 0.0͒, and ͑m , q͒ = ͑0 , 10.552͒, while Figs. 4͑c͒ and 4͑d͒ show the differences for the two q values, corresponding to the same ⑀ = −1.17 for the m = 1 mode shown in Fig. 3. Figure 4 , thus, shows explicitly the different symmetries dictated by the modes ͑m , q͒, where the eigenvalues q appear to play the role of the surface plasmon wave vectors along the surface of the hyperboloid. This point will be rehashed in Sec. III B ͓Eq. ͑33͔͒ in the context of surface plasmon propagation in a Cartesian thin foil. Experimentally, the relative excitation probabilities of these modes will, therefore, depend on the polarization state of the incident field.
We also note that, although the solutions ⑀ q m ͑cos t ͒ are formally valid anywhere in the system, the interpretation of them physically, as the true surface modes of the metal- vacuum boundary, is more precise the closer we get to the apex region as a result of our quasistatic assumption. We are only interested in the apex region, where setting R = ͑x 2 + y 2 ͒ 1/2 , the curvature of the hyperboloid
changes appreciably. Thus, for ӷ 1, and when z 0 sin t is fixed we get d R z͑R͒ → cot t ͑i.e., a constant͒, and thus the hyperboloid behaves as a cone in this limit. To estimate when the retardation becomes significant, we calculate the radius of curvature of the probe apex by fitting a sphere to it. For a focal point of z 0 = 10.0 nm and a probe angle of t = / 6 in a medium ⑀ = ⑀ e , we get for the radius of the sphere r = 7.5 nm. It can be shown 67 that, as long as Ͼ2r ͱ ⑀ e , we can neglect retardation. This is clearly satisfied for our hyperboloidal probe surrounded by vacuum ͑⑀ e =1͒. Also noteworthy is that, the modes ͑16͒ adhere to the sum rules for the surface modes of the complementarily divided spaces as formulated by Apell et al. 68 In the case of an isolated solid hyperboloid ͑with frequencies h ͒, the complementary space is a hyperboloidal void ͑with frequencies v ͒, and thus the sum rule automatically generates the surface modes of the void ͑such as the modes of a metal nanohole, for which experimental observation of curvature-dependent transmission, has been reported͒. 69 Thus, for a Drude metal, if Eq. ͑16͒ has the right symmetry, the transformation t → − t should yield the surface plasmon frequencies of the void from v 2 = p 2 − h 2 , which can easily be confirmed from ͑16͒ because ⑀͑ h ͒⑀͑ v ͒ = 1. Finally, for the particular case of the modes of an isolated hyperboloid, further comparisons can be made, for finite curvatures, to the case of an isolated solid paraboloid of revolution, and in the limit t → 1, to the case of an isolated solid cone, for which the solutions to the Laplace equation are known. 6, 22 
B. Surface modes of a complex probe
By resorting to the fully retarded Cartesian cases, we extend the above considerations to the multilayer systems in the hyperboloidal cases. In particular, as a limiting case to the system in Fig. 1 , we extend the simple metal-vacuum Cartesian interface analogy to the multilayer system depicted in Fig. 5 . In doing so, we generate for the p-polarized photons, using a matrix formalism, 70,71 the retarded surface plasmon dispersion relations for the system in Fig. 5 , by ͑conve-niently͒ solving for the metal separation distance d using Eqs. ͑C1͒-͑C3͒. We note that Eq. ͑C1͒ is transcendental due to inclusion of retardation, and, though it may be rewritten differently, it can only be reduced to polynomial form when retardation is neglected. The propagation length of the surface plasmons is limited by damping in the metal, which is ignored in the free-electron model. In what follows, we will also use the real part of the complex dielectric functions for gold and silver, obtained by interpolation in the reported 64 experimental data, heretofore referred to as the experimental dielectric functions.
In analogy with the splitting of the degenerate thick Cartesian film dispersion relation, into symmetric and antisymmetric modes, as a result of a reduction of the film thickness, we expect in the isolated curved metal foil case, i.e., with 0 Ͻ t Ͻ c , that the modes in Fig. 2 multiply. Similarly, we expect that in the limit t → c , the dispersion relations enter the two-dimensional ͑2D͒ plasmon 73 ͑sheet plasmon͒ behavior. In the absence of the z Ͼ 0 structures in both Figs. 1 and 5, we are left with the Kretschmann 74 configuration. Then, Eq. ͑C1͒, in the limit of ⑀ t = ⑀ tc → 1, generates the retarded and nonretarded ͑c → ϱ͒ modes shown in Fig. 6͑a͒ for an undamped Drude metal. The decoupling of the two modes and their degeneration to surface plasmon energy in the nonretarded case, and to the retarded dispersion of a single metal interface are seen from the gray scale.
The symmetric and antisymmetric modes, shown in Fig.  6͑a͒ , will each split into two ͑close-laying modes͒ if we bring a metal-coated dielectric medium from above, as shown in Fig. 5 . This is demonstrated for a Drude metal in Fig. 6͑b͒ for the nonretarded case and in Fig. 6͑c͒ for the retarded case, where the modes are again pushed down below the light line in the small momentum region. Excluding the virtual modes for the dispersion relation of the coupled system in Fig. 5 , there are four branches describing the possible retarded modes of resonance. These are grouped into two categories, one above the reduced bulk plasmon frequency p / ͱ 2 and one below it. Optical access to these modes, in the arrangement shown in Fig. 5 , is governed by the intersection of the light dispersion line with these modes. This restricts the number of accessible modes for a particular wavelength, propagation angle of the incident photon field, and the selected film thicknesses.
We now continue by analyzing the possible eigenmodes of the configuration depicted in Fig. 1 . We first note that, setting
the strength of a coefficient c i m ͑q͒, in Eq. ͑24͒ describes the relative energy of the modes at the interface that corresponds to that coefficient's degree, for i =1,2,3,4 labeling the interfaces from top to bottom. These coefficients are smooth functions of q and are shown in Fig. 7. For q ͓q min , q max ͔   FIG. 5 . A Cartesian multilayered system in the z direction. This configuration is composed of a semi-infinite dielectric medium ͑⑀ 1 ͒, interfaced with a aЈ = 35 nm thin gold film ͑⑀ 2 ͒, and another semiinfinite dielectric medium ͑⑀ 5 ͒, interfaced with a a = 45 nm thin metal film ͑⑀ 4 ͒ separated by a free space ͑⑀ 3 ͒ gap ͑d͒ from the first one. This system can be considered as the limiting case t Ͻ c → / 2 to the system in Fig. 1 . The system is stimulated by an optical field of momentum k =2 / incident at angle . and q min ജ 0, Eq. ͑24͒ was solved numerically using Laguerre's method. 61 Thus, for this q interval, we solve Eq. ͑24͒ for m =0,1, which gives the roots ⑀ r m ͑q͒, r =1,2,3,4 such that
In all the numerical evaluations of these roots, we have assumed that , in Eq. ͑B1͒, takes on the value of the wave vector of the surface plasmons excited on the coating of the substrate without the presence of the coated tip coth a = coth 2an s sin , ͑29͒ with = 632.8 nm, n s = ͱ ⑀ s , = 46°, and a = 45 nm. This would then correspond to a realistic polarization charge separation in the substrate medium. Based on experimental observation we set z 0 = 100 nm, allowing a coating thickness of z t−c = 30 nm for t = 0.45 and t = 0.93, which, in turn, gives a gap size of d = 59.8 nm. Equations ͑24͒ and ͑30͒ are independent of z 0 ; the only distance dependency is due to the particular choice of t and c . Before discussing the general case of Fig. 1 , we consider the important limiting case of an isolated hyperboloidal foil in vacuum and its Cartesian counterpart of an isolated planar foil in vacuum. The former can be achieved from Eqs. ͑24͒ and ͑B1͒ after some algebra in the limit a → 0 and ⑀ s → 1, which reduces ͑24͒ to
with the coefficients given by
and shown in Fig. 7 . Now specializing Eqs. ͑A1͒-͑A3͒ for m = 0 in the above equations, we get With this interpretation of q, the two modes of a metalcoated dielectric probe over a dielectric substrate are shown in Fig. 8 . Here, symmetric and antisymmetric modes comprise the relative distributions of electrons on the two hyperboloidal bounding surfaces of the metal coating. The frequency dependence ͑q͒ of the dispersion relations ͓satisfying Eq. ͑24͔͒ was obtained by matching them to the experimental dielectric functions ⑀. This can be accomplished by searching the frequencies at which there is a match in the dielectric functions or, more efficiently, by writing = ͑⑀͒ and interpolating in ⑀ at locations presented by the solutions to Eq. ͑24͒. The results of Fig. 8 show that, although the overall redshift of all modes in the experimental dielectric function case ͓Fig. 8͑b͔͒ is clear, in the small momentum region q Ͻ 1, the m = 0 modes are slightly blueshifted in comparison to the Drude metal case of Fig. 8͑a͒ . Despite the abrupt change in the 2 0 mode, caused by the nonuniform distribution of the experimental dielectric values over the frequency range encountered, the overall structure of the modes is preserved. The discontinuous appearance of the 2 0 mode can be readily smoothed out by an averaging algorithm such as the boxcar technique.
Finally, the dispersion relations for the system in two hyperboloidal. However, in the case of gold, the modes of the Cartesian interfaces ͑ 1,4 m ͒ appear to be blueshifted, whereas those of the curved surfaces ͑ 2,3 m ͒ are mostly redshifted in close similarity to the case of Fig. 8 when employing the experimental dielectric function. On the other hand, in the case of silver, the higher energy modes are severely redshifted. Furthermore, in all Figs. 8-10, a squeezing of the modes into the visible region is observed in comparison to the Drude model.
In a series of limiting considerations in the simulations of the results in Eq. ͑24͒ ͓such as the following cases ͑or a combination thereof͒: ⑀ s → 1,ϱ; a → 0,ϱ; t → 0, /2; c → 0, /2; t → c ͔ we can arrive at several interesting conclusions regarding the behavior of the dispersion relations of the system ͑or its subsystems͒ shown in Fig. 1 as compared to those of the system ͑or its subsystems͒ in Fig. 5 . We can identify the lowest frequency ͑ 1 m ͒ and highest frequency ͑ 4 m ͒ modes in Figs. 9 and 10 to belong to the thin Cartesian film ͑symmetric and antisymmetric modes, respectively͒, whereas 3 m and 2 m correspond to the two surfaces of the curved metal film ͑symmetric and antisymmetric modes͒. If we, in our simulations, let a → 0 systematically, we note that 4 m → p , whereas 1 m → 0. The presence of the planar metal film elevates the energy of the modes of the inner surface of the probe. For t Ͻ c / 2, this resembles Otto's geometry. 75 As another example, we can also simulate the effect of the involved dielectric media. All modes are redshifted as a result of an increase in the value of the dielectric functions. The depolarization effect of large substrate and probe dielectric constants ͑⑀ s = ⑀ t ӷ 1͒ are observed to have the effect of suppressing to zero the two lower frequency modes in Figs. 9 and 10, belonging to the inner curved metal surface ͑ 2 m ͒ and lower planar metal surface ͑ 1 m ͒, both in direct contact with the dielectric media. The nature of this suppression is similar to the redshift in surface plasmon energy experienced by the simple Cartesian metal-vacuum interface when the vacuum is replaced by a dielectric. 76 The two higher frequency modes belonging to the outer curved surface and upper planar surface only undergo a slight redshift in energy.
As a final limiting case, we consider the following situation: ⑀ s → 1, a → 0, and t c ͑i.e., a curved 2D metallic system in vacuum͒. In this limit, 4 m → p , 1 m → 0 as a result of a → 0, and the normal hyperboloidal mode 3 m → p , while the tangential modes 2 m approach a 2D plasmon. Here the normal and tangential refer to the field distribution inside the foil and correspond to antisymmetric and symmetric polarization charge distributions, respectively. If we further let t Ͻ c /2, 2 m become m degenerate and approach the mode of a Cartesian 2D plasmon. The variation of such a mode with the plasmon momentum is known 6 to have a square-root dependence and is confirmed graphically in our simulations by visual inspection and, numerically, by fitting the function ͑0.058249± 0.000131͒ ͱ q to 2 m .
IV. CONCLUSIONS
In summary, we have presented an exact quasistatic calculation for the dispersion relations of curved metaldielectric multilayer structures within the framework of a local dielectric function. We have demonstrated that, by following the movements of the loci representing the resonance values of the surface modes of the multilayer system, the effect of curvature can be studied explicitly without resorting to any geometric approximations.
All the dispersion relations for the hyperboloidal cases considered in this work adhere to the fact that at higher plasmon momenta, there is little or no variation in the resonance values. In particular, for q Ͼ 4 fixed substrate film thickness and fixed t − c , all the modes converge rapidly to their asymptotic values. This would correspond, in the case of Eq. ͑32͒, to the thick foil limit where ⑀ → −1 ͑or → p / ͱ 2͒.
Thus, for fixed q bulk behavior enters faster with increasing coating thickness. For a typical probe coating of 30 nm and substrate coating of 45 nm, the dispersion relations presented in this work suggest the possibility of optical excitation. Given an available frequency range of interest, it is possible, invoking the approach here, to seek the appropriate physical parameters for the probe and the involved coatings, and the choice of the involved metal and dielectric media, including the gap region. Comparisons of the existence of resonance frequencies at the typical experimental visible wavelengths = 632.8, 515.0, and 442.0 nm incident at angles = 46.0°, 50.0°, and 55.0°͑corresponding to peak absorption͒ can be made from Figs. 8-10. An experimental verification of this result would entail, in the case of SPM, that the metal-coated probe tip be placed within a few nanometers above a metal-coated substrate to record the exponentially decaying signal in the constant height mode of the operation, upon which the wavelength can be scanned while monitoring the coupling signal.
